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DETERMINATION03’COUPLEDMODESANDWiEQ~CIES

OFSWEPTVINGSBYUSEOF20WERSERIES

ByRo~erA.Anderson

SumNw

A solutionispresentedforthecoupledmodesandfrequencies
ofsweptwingsmounted.ona fusela~e.Theenergymethodisusedin
conjunctionwithpowerseriestoobtainthecharacteristicequations
forbothsymmetricalandantisynmmtrical”vibration.A nmnerical
examplewhichissusceptibletoexactsolutionis-presented,e@ the
resultsfortheexactsolutionandtheso~utionpresentedinthis
papershowexcellentagreement.

INTRODUCTION

Exceptforcertainidealizedcases,thenaturalvibrationmodes
andfrequenciesofwings(sweptorunswept)cannot%efO~a13yexact
analysts,thusmakingitneoessarytoresorttoa~proximatemethods
ofsolution.Thispaperpresentssucha solutionforthes.ymetrical
6naantisymmetricalmasscoupledbending and torsionalmoaesma
frequenciesofa nonuniformsweptwingmountedona fuselage.The
energymethodisusedtoderivetwosetsoflinearcharacteristic
equations;oneforsymmetricalaniltheotherfor~tisymmetrical
vibrations.Theanalysisa&3umeethatthesimptwingsareessentially
beamsanathatthedeflectionandrotationofthebeamsconformto
standardengineeringbeamtieory.Suchenanalysi~mayormaynotbe
strictlyapplicabletowingshavinga largerootchord(especially
vhencombinedwithappreciablesweep)becausethedistortionsinthe
vicinityoftherootarenotfullyunderstood.

~hei?nportantfeatureofthemethod.presentedhereinisthe
simplificationthatresultsfrcanthe”choice”ofs3k@epowerseries
forWe expansionofthedeflectionanarotaticp ofthevibrating
wing.Comparisonofresultsfroma powerseriessoluttontoan
exactsolutionforthemodesandfrequenciesofanidealizedstructure
showsWet onlya fewtermsareneededinthee~anstonstoobtain
gOodaccuracy.
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modulusofelasticityinshear

beryiingmomentofinertiaofcrosssectionsyerpendicukr.
toelasticaxisofting

masspolarmomentofinertiaperutitlengthofwing
aboutelasticaxis

torsionconstantforcrosssectionspexqy3ndicularto
elasticaxisofwing

one-halfofpitchingpolarmomentof,tnertiaoffuselage
aboutelasticaxisorwing s

one-halfofrolling~larmomentofinertiaoffuselage
aboutitslongitudinal.axis

coordinatedenoting

coordinatedenoting

coordinatedenoting
fromcenterline

*

deflectionofelasticaxisofwing

hrist ofwingabout elasticaxis

distancealongelasticaxismeasurea
offusel.ageorrootofwing

angleofsweep,measured.Ix3tweenwing
lineyerpem!liculawtofuselage

massofwingperunitlength(w/g)

weightperunitlength

accelerationduetogravity

one-halfofmassoftus,elage

circultifrequency
persecond

ofnaturalmodeof

elasticaxissna

.-

vj.ln?ation,radians
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distsncel@weenmasscenterofwingcrosssectionsor
pointsofmassconcentrationandelasticaxisofwing;
positivewhenmasscenterliesforwsrdofelasticaxis

distencebetweenmass centeroffuselageandwingelastic
axis;positivewhenmasscenterliesforwardofelastio
axis

coefficientofnm terminpowerseriesexpansionfor y

coefficientofnthterminpowerseriesexpsnsionfor @

integers(1,2,3, , ● .)

W3tencebetweenequallyspacedspan,wisestations
,

ENERGYEXPRXSSIONSANDIZEFIXCTIONFUNC!IWONS

Todetezmxlnethemodesof
toconsidertheequilibriumof
dividedalongitslongitudinal
asshowninfi~e 1. Inthis

vibrationofwingsitissufficient
thesemispanonly.Theairplaneis
axiswitha coordinatesystemassigned
paper,thefuselageisassuned

inflexibleand-itthereforepossessesonlytherigiabodyproperties.

Forvibrationofthissystem,theenergiesconsiderederethe
benaing;twisting,andkinettcenergiesofthewingsemispanand
halfthekineticenergyo:thefusela~e.Atmaximmdisplacement
ofthewingthesumofthestrainener~ofbendingandstrain
eneqzyoftwistingW givenbythewell-knownexpression,

..$JqJj2ti+$[+@J~
Thekineticenergyofthewingasitpassesthrough
positionisgivenby (seeappendixforderivation),

‘1=$r&&”+frn4y&’~1

(1)

theequilibrium

&@ ax (2)
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Halfoftheklneticener~ofthefuselage’isgivensimilarlyby
(seeappendixforderiva.tion),.

where

@ angleofyitchoffuselage

* tingleofrollOYfuselage

(3)

Itcanbeshownbygeome~ thattheseanglesarerelatedtothe
anglboftwistattheroot,tlmslopeoftheelasticaxisatthe ‘‘
root,andthemgl.eofsweepbythefollowingrelations:

( )ti@= @cosA-&si.n A

Bytheenergymethod}functionsarechosentorepresentthe
deflectionSd twistoftheelasticaxisofthewing.Itiscon-
venienttorepresentthedefIectlonandtwistbythetwogeneral
powereerie~

(4)

&

—

.

.—

(5)
. —

(7)

Withtheseseries,thegecme~icalboundaryconditionsatthewing
root

()
~=o
L

canbesatlefiedforboththesynmletric~andanti-

symmehri.cal&mdesofvibrwklcmthroughuseof8i@.erelationships
4
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betweenthecoefficientsal and bO. Theserelaticxmhipswi13
givenlater.The

. $reedcmInchoice

BOUNDARY

useofpowerseriesalsoa13.ow6forcomplete
ofdeflectionanittwistalong

CONDITIONSANDczwwm~~c

thewj.ng.

EQUATIONS
.,

Onsubstitutionofequations(4),(5),(6), and (7) into
equations(1),,(2),and(3),theenergiesU, VI, and VPwill
.be-expressedintermioftheunknowncoefficients~, bn .5
theunknownfrequencym. Itisconvenientatthtspetitto
introducetheboundaryconditions. ,. ,.

Fori3_*icaJ.vibration,theCOmI&~j.ng r~la~foq at

&r@ rootisthatthefuselageshallnotroll,or
. ... . .

,, .”’ . (‘ +.= ~sinA+
.

b whichgivesthefollowingstile

ma

the

relationbetweenal ma b.

5

be

..
. .> ,.’-

al= -boLten‘A (9)
,

Eliminationof al fromVI ma V2 (al doesnotappearin U)
bymeansofthisrelationleadstotiesolution~orsymmetricalmodes
=afrequencies,

Forantisymmetricalvibrations,theconstrainingrelationsat
thewingrootarethatthedeflectioniszeroend.&at thefuselage
shallnotpitch,or

(Y)
~b=o

(lo)

ma

(11)
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whichgivethefollowingrelations -.
●

✎✍

(13)

Substitutimoftheserelationsintothee~ressionsfor Vl
~d. V2 (a~ ad ?)oaOnotappearin U)leadstoa solutionfor
theantlsymnetricalmotisand’frequencies.

Thecharacteristicmodesanti$’requenciesofvibratio~
(symmetricalandentisyrtunetrical.)canbefOuna13yminimizationof
theexpressionU -VI -V2 wtthrespecttotheunknown
coefficientsai and ‘bitThefo3.lmwingsetsofZ3near
homogeneousequationsexederivedinthiswayforthetwotypes
ofvibration. .

symletricalvibration.-l?oral

# ( ‘F%
t

ao(%+%’)+ ~%%+ ~oBo+~ )Z_‘LAltanA + bnBn= ()
n=2 n=l ..

(i = 0} (14)

(i=2,3, 4,,..) (15)

., ,.
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For bi

( %t+b.Do+ L*A2-2A’+ —— .
)

=1 tanA
coe2A

‘~ (-~~ --mtiltanA)=0

‘(i=o) ‘ (16) :

(i=1,2,3,.0,.) (17)

Arrtis.ymmetricalvibratioa.;For ‘~

.

( Im %%~+#%tm2A +L2cos2A+~l
) “

‘tanA

+
% (++1+ )tanA -1- tanA + %+1)u o

(i = 1) (18)

.

b
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The constantsAi+nj
followingintegrals

A~+n=

+

+-

*
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s t

x( ,).2(Ji* ...

,%%+n-~ + ‘bp~+n=o
n=2” n=

(i= 2,3,4,...)

s

L
.t,.~Bi;.n+ j-:bn&+n -*) =0
n= n~i

(i=l;2,3,...)

(19)
.-

(20)

‘i+n~c~+n~Di+n~and Ei+n representthe,,. .
,, .,.-.

J~L (L)
~ ~ I+nax, ,

.0” ”””””

‘I+n=J’43’’”””

Di+n dx

(21)

(22)

(23)

(24)

(25)

—
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Differentlimits,s SIIdt, areUSedontheSLUIUIMtiOK@fOr y
and @ becausethenum”eroftermstakeninthetwoexpansionsneed
notbethesame.Retainingonlythetermsinvolvingthecoeffi-
cients~ througha3 and b. throughb2, thetwosetsof
characteristicequationsmaybewritteninthedeterminantforms
shownintablesI and11. Inthet@$lesitisseenthatterms
involvingtheangleofsweepA apyearpnlyinonecolrmmandrow “
ofeachdetemnlnant.WhenA = O, thesedeterminants
solutionsforthefrees-trical andantisymmetrical
oftheunsweptwing.

SOLUTIONOFCEARACTERT.S!21CEQUATIONS
,,.

leadto
vibrations

ValuesOf an andbn otherthanzerowhichsatisfythe
equationsintablesI and11oa.befoundonlywhenthedeterminants
ofthesystemsof equationsarezero.Thedeterminantscontainthe
unknownfrequencym; the”valuesof u whichcausethedeterminants
tobe zeroarethenaturalfrequenciesofvibration.Todetermine
theumdeassociatedwitha givenfrequency,oneoftheunknown
coefficients,~ or I)n,ISsetequaltounityandanyoneofthe
equationsisdiscarded.Theresultingsetofnonhomogeneousequations
isthensolvedsimultaneouslytoobtaintherelativevaluesofthe
othercoefficients.Withthecoefficientsknown,themodeis
obtaineddirectlyfrcxnequations(6) amd(7).

Thevalues of CDsatisfyingtiefrequencydetemninantmy.be
foundbyseveralmethods.Perhapsthesimplestwayto100atea
frequencyrootistoevaluatethedeterminantfora nuriberoftrial
valuesof c)intheexpectedvicinityofa natural.frequencyand
toplota curveof m versusthevalueofthedeterminant..,Innmst
cases,thevalueof a givinga zerodeterminantcanbeobtained
fromtheresultsofthreeorfourevaluations.Theevaluationsmay
bb’performedbytieCroutEthodofsolvingdeterminants.(See
reference1,) TheCroutmethodyieldssolutionsrapidlyandit
providesfora runningcheckwhichminimizesthepossibilityof
computationalerror.Withtheprocedurejustoutlined,anydesired
frequencyrootandmodecanbefoundindependentlyoftheother
frequenciesandnndes.

..
IntheCroutsolutionsofthedeterminan~spresentedinthis

paper,thecalculationsshouldbecarriedtoatleasteightsignifi-
cantfigures.Ifaninsufficientnumberofsignificantfiguresare
carried!errorsduetosmalldifferencesoflargenumberstillcause
difficultyinobtainingsatisfactorycheckcolumnsintheCrout
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Solutlorw● Thephysicalconstants~+n, Bi+n,andsoforth,in
theequations,however,neednot%ecomputedtothenumberof
significantfiguresuqedipsolvingthedeterminant_.Theymerely
needbecomputedasaccuratelyas desfredandthenireatedinthe
Crouteolutlons,asbeingofabsoluteaccuracy.

COl@WTATIONO@CONSTANZE

‘Acertainamxmtofpreparato~,calculationmustbedonebefore
theclmracteriaticequationscembesolvedforthefrequenciesand
modes.Thiscalculation”consistsofdeterminingthedonstantsAi+n,

‘i+n~‘i+n~andsoforth.Toevalua%theconstants,thephysical
properties,m, Ii Tm, J, e, E, and G,ofthewi~ mustbe
knownata numberofstationsx/L alongthewing.Alsonecess=y

()~Jarethenumrical.valuesofthequantities~ whicharisefrom

oXtltheuseofpowerseries.Forconvenience,~ hasbeencomputed !

(rx “)=0 1 0.2, . s , 0.9, i.oat10*stations .,-.~ for ~ varying
froni.1to1.0.Th&e dataare.presented,intableHI. The

1
.“ constantsA i+n’‘j.+n’Ci+nsandsoforth,avethen.foundby

XJ
mnltiplyin~the’~hysicalconstantsm, I, Im, ()andsoforth,by ~
ateachstationalongthewingandintegratingovertiespan.

‘T!leintegralscsnbeevaluateflconveniently
followingnumericalintegrationformulawhichis
propertiesofa fifthdegreecurve.. “

Area= ~T?, 0..38a+ l,50b+ 1.00c+ 1.00d+

“ Inthisequation,a, b, c, “andsoforthjare

byuseofthe
derivedfromthe

,.. ,.

1.50e+ 0.38f)(26)

theordinatesat
successivestationsO,1,2,~d so’forth,dividin~””thecurveto be
integratedintofiveequalsections.adistanceh Zn.length.For
10sections,theformulais .“

Area=
,. .,

. .
&(o.38a + l,50b + 1.00C + 1.00cI+.l;~Oe+ ().76f

,, ,.. .

,

-tls50g+1.00h+l.QOi+ 1.50j+0.,~k) - (27)
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Makinguseofthisintegrationformula,a convenientprocedurefor
calculatingtheconstants‘i+rvBi+n~Ci+n,,~d”soforth,is:

.’, (1)Dividethetinginto10equalsections(amultipleoffive).

(2)Tabulatethewingparametersm, EI, GJ, me, and Im at
eachstation(rootstationisO andtipstationis10)andmultiply
thetabulatedparameteratstationO by0.38,atstation1by1.50,
atstation2 by1.00,sntisoforth,untiltheparamtersateach
stationhaveall.been“weighted”withtheproperconstantin
equation(27).

(.
Inequation(27),a, b, c, andsoforth,are

()
X3actuallytheparameters,multipliedbythevalues c; thework

issimplified,however,byfirstmultiplyingthep&&eterbythe
“weightingfactors”0.38,l.~,’l.00,andsoforth,andthen

(3) Multiyly the “we~@ted” parametersateachstation by the
appropriateval.ues.of XJ

()z
takenfromtshle111.

(k)Addtheproductsformedin(3)overthelengthofthe~ng
and?miltiplytheSIUSby125x/144.

(5)Addtothesumsin(k)theeffectofconcentratedmasses.
whichhavenotbeenincludedinthenumericalintegration.For
instance,theadditiontotheconstant~+n duetoa concentrated., --
mass,M, Ilocatedat ~ =0.5 wouldbe~M(0.5]i+n.-,

, ACCURACYOFRESULTS

Anyanalyticalsolutionforairplanewingumdesandfrequencies
mustnecessarilybebasedonsimplifyingassumptions,andtheeffect
thattheseassumptionsmayhaveontheaccuracyofthesolutioncan
onlybedetemninedbycomparisonofcomputedmodesendfrequencies
withthosedeternihedexperimMzWly.Intheabsenceofexperimental
results,itishelpfultoknow,nevertheless,thedegreetowhichthe
resultsfromanenergysolutionchecktheresultsofenexact
solution(basedonthesamesimplifyingassumptions).Forcomparison,
anexactsolutioqhasbeenmadefora specificexampleofa uniform
wingmountedona fuselage.Thephysicalparametersofthtssystem
areshowninfigure2.
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Anenergysolutionforthiscase
de&reepowerseriesfortheexpansion

,,

wasmade,&sutningfourth ...
ofboththe‘deflectionand

rotatiofi.Eekimethewi@.i,s-uniform,t@e$onetants@ theequations
weredetermlmedbypxacttnte~ationover,thesemispan.The,resultimg
determinantforsymmetricalvibrationisTresentedinta~leIV. The.:,.,.!,-“zeros”inthe’upperr“ightandlower~ft quadrantsof.thi8determinantare
duetothefactthatthereISnomasscoup~+.ngalongthewing.All
theeq.u,~tionshavebeend$vi$pd.,ti~~hbythefactqr‘mL,hence
theappearanceofcontit~tssuchasl/3,1A, 1/5$andsoforth,

% The.two‘low?~tftieguencies-satisfyingtusand“tieratioR~ =~.

determ$najnt&e”comparedyri’~btheexactfrequenci?8_inthetable
.,hetiw@ ., ,,.

:.,.: ,,
.,.,’: ‘“’’ma:”: ““,, L’ “.,

Exact Energy “’””
-1

‘ w“
... :

“““’&e”fr6que6ciesobtainedintheexact-“energysolutionswerenot
deteminedtomxe significantfigures.Thereb,ultd’itidlcate,
however,~h~ttheenprgysolutiongives,$oodaccyr~cy.Thenmdes
associatedwi~hthesefrequenciesarepresentedinfi~e 3. It is

..,,, mst probablq-.th&,for these twonwies,”a”$olution ustng third
degreepower‘series wouldhate given satisfactory agreementwith
the exact solution. . . ,.

LangleyMemorialAeronauticalL@oratory
NationalAdvisoryCommitteeforAercmautics

LangleyField,Ta.
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APPENDIX

~DERIVATIONOFE==IONS FORKINETICENERGY
,.

Intheenergysolutionusedinthispaper,thepotentialenergy
stciretl”inthewingatmaxim displace~ntandthekineticenergy
ofthewing-fuselagesystemwhenpassingthroughtheequilibrium
positionmustbeknown.Thissectiongivesthederivationofthe
kinetic-+nergye~ression;theequationsforpotentialenergyof
bendingsndtwistarewellknown.

Infigure4,a crosssectionofthewingisshownattheinstant
itpassestheequf-~briumposition;theelasticaxisisassumedto
havea verticalvelocityv, andtieorosssectionis assumed to be
rotatingatanangularvelocltyQ. Anyelementofmass dm having
thecoordinatev,O cenbeshowntohavea totalvelocitysuchthat

V*2 = (v + Qr cosf3)2+0%2 sin%’ (Al)

Thekineticenergyoftieelementwillbe L dm# ,
2

Ify and@

arethemaxifivaluesofdeflectionandrotation,thevelocityv
endrotationalvelocity$2maybeshownto%eequal.to CJyand @,
respectively.Substitution,ofthesevalues intheexpressionfor
totalvelocityandintegrationof”thekineticenergyofallthe
elementsoverthecrosssectiongivesforthetotalkineticenergy
ofunitlengthofthewingat+A;crosssectionunderconsideration.,

wheree isthedistancebetweentheelasticaxesandthecenterof
gravity(e ispositivewhencenterofgravityisforwerdofthe
elasticaxis)ofthecrosssectionand k istheradiusof~ation
ofthecross,sectionabouttheelasticaxis.Integrationofthekinetic
energyoverthelengthofthewinggivesforthetotalkineticenergy
ofthewing

(A2)



14

Theexpressionfor
motionOf thefuselage

NACARMNO.L7H28

thekineticenergyofvertical.andpitching
(half-fuselagj~c;%~f~und:ge:g:.yif~

equation(A2)tothefuselagemass,
replacedbythepltohingangleofthefuselage@~enby

(#oos A - )~sinAdx . ‘IfG isusedtodenotethepitohing
$= .,

emgle,thekineticen@y ofverticalhndpitohingmotionofthe
fuselageis. ..,,

or

.

-.

—
.-

. .

Thekineticenergyofthefuse~ageinrollingnntionis
.

$$1~~2

r ., —.
w~ere~ istheangleo?”tifiofthe.fuse,l.agegivenby

-.
.—

(i dy
)

....
‘inA “G CosA.‘x,:~Thetot@Iciketi’cenergyoftheftmelage

,. .,.&@
isthen

..,,,

~2°
(.V2= ~~# + 2~eF@ + I~Q )

2 + 1~$2~
~-o-.

—
.—

.43)
—

-y.- ..,:.... . .

.
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Fuselage I%rame fers
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